We apply the weak field approximation limit of the covariant Scalar-Tensor-Vector Gravity (STVG) theory, so-called MOdified gravity (MOG), to the dynamics of clusters of galaxies by using only baryonic matter. The MOG effective gravitational potential in the weak field approximation is composed of an attractive Newtonian term and a repulsive Yukawa term with two parameters α and µ. The numerical values of these parameters have been obtained by fitting the predicted rotation curves of galaxies to observational data, yielding the best fit result: α = 8.89 ± 0.34 and µ = 0.042 ± 0.004 kpc −1 (Moffat & Rahvar 2013). We extend the observational test of this theory to clusters of galaxies, using data for the ionized gas and the temperature profile of nearby clusters obtained by the Chandra X-ray telescope. Using the MOG virial theorem for clusters, we compare the mass profiles of clusters from observation and theory for eleven clusters. The theoretical mass profiles for the inner parts of clusters exceed the observational data. However, the observational data for the inner parts of clusters (i.e., r < 0.1r 500 ) is scattered, but at distances larger than ∼ 300 kpc, the observed and predicted mass profiles converge. Our results indicate that MOG as a theory of modified gravity is compatible with the observational data from the the solar system to Mega parsec scales without invoking dark matter.
INTRODUCTION
Zwicky showed that there is an inconsistency between the dynamical mass and the luminous mass for the Coma cluster. He postulated that there must exist dark matter at the scale of clusters of galaxies (Zwicky 1937) . The observations of the rotation curves of spiral galaxies by Rubin also indicated that galaxies need missing mass in the context of Newtonian gravity (Rubin & Ford 1970 ) . The main paradigm to interpret missing mass in the universe is the theory of dark matter, supposing that the unseen matter accounts for more than 80% of the universe's matter content. This hypothetical matter is made of particles (e.g.,WIMPs) that may only interact weakly with ordinary baryonic matter. Ongoing experiments have been conducted to directly detect dark matter particles by sensitive particle physics detectors. So far, no positive signal has been detected (Aalseth et al. 2011; Akerib et al. 2013 ).
An alternative approach for solving the problem of missing mass is to modify the law of gravity. One of the first phenomenological efforts to modify Newtonian gravity was MOdified Newtonian Dynamics (MOND) (Milgrom 1983 ). This model is based on a non-linear Poisson equation for the gravitational potential with a characteristic acceleration a0; Newtonian gravity is modified for particles with acceleration a < a0. The model can successfully describe the rotation curves of galaxies (Milgrom 1983 ), but it fails to be consistent with the temperature and gas density profiles of clusters of galaxies without invoking dark matter (Angus et al. 2008 ). There are other modified gravity models such as the relativistic extension of MOND by Bekenstein (2004) , conformal gravity (Mannheim & Kazanas 1989) and nonlocal gravity (Mashhoon 2007 ; Hehl & Mashhoon 2009 ).
We attempt in the following to test observationally a covariant MOdified Gravity (MOG) theory, also called ScalarTensor-Vector Gravity (STVG) at the scale of clusters of galaxies (Moffat 2006; Moffat & Toth 2008; Moffat & Toth 2009; Moffat & Toth 2013; Brownstein & Moffat 2006; Brownstein & Moffat 2006; Brownstein 2009 ). In this theory, the dynamics of a test particle are given by a modified equation of motion where, in addition to the conventional geodesic motion of a particle, a massive vector field couples to the fifth force charge of a particle. The fifth force charge of a particle is proportional to the inertial mass of the particle. We have shown that in the weak field approximation the potential for a matter distribution of an extended object behaves like the Newtonian potential with an enhanced gravitational constant and an additional Yukawa potential (Moffat & Rahvar 2013) . We applied the effective potential in the weak field approximation to the study of the dynamics of galaxies and demonstrated that MOG can successfully explain the rotation curves of galaxies without the need for dark matter. We fixed the two free parameters of the potential and chose the stellar mass-to-light ratio as the only free parameter in calculating the dynamics of the galaxies.
We extend in the following the observational tests in Moffat & Rahvar (2013) to one order of magnitude larger system scale. We use the observational data of relaxed clusters of galaxies in the Chandra X-ray sample for this purpose. For a set of clusters of galaxies, we have the temperature profile as well as the plasma gas and galaxy distribution. These observables are sufficient to calculate the dynamical mass and compare it to the baryonic mass of clusters. In section (2), we briefly introduce the STVG theory and review the weak field approximation limit. In section (3), we obtain a full relativistic version of the Boltzmann equation in MOG. Furthermore, we derive the virial equation in the weak field approximation. In section (4), the observational data from the Chandra Xray sample of clusters are examined in conjunction with the MOG and finally in (5), we provide a summary and conclusions.
SCALAR-TENSOR-VECTOR GRAVITY (STVG): WEAK FIELD APPROXIMATION
The STVG theory is a covariant theory of gravity. The action of STVG is composed of scalar, tensor and vector fields (Moffat 2006) :
The components of the action are (i) the Einstein gravity action:
where Λ is the cosmological constant, (ii) the massive vector field φµ action:
where φ µ is the vector field and Bµν = ∂µφν − ∂ν φµ, (iii) the action for the scalar G and µ fields is:
where ∇µ denotes the covariant derivative with respect to the metric gµν . ω denotes a dimensionless coupling constant and V φ (φµφ µ ), V (G) and V (µ) denote self-interaction potentials of µ and G fields. While in the generic formalism of MOG, G and µ are taken into account as scalar fields, for simplicity we keep these two fields as constant parameters. Finally, (iv) SM is the matter action.
The action for pressureless dust coupled to the vector field φµ is given by
where the density of the fifth force charge Q5 is related to the density of matter by Q5 = κρ where κ is a constant. For a test particle with the density ρ(x) = mδ 3 (x) and a fifth force charge q5 = κm, a variation of the action in Eq. (5) with respect to the comoving time τ , yields the equation of motion:
where the right-hand side is a Lorentz-type force. Since the fifth force charge is proportional to the inertial mass, the equation of motion is independent of the mass. The main difference of the Lorentztype force with standard electromagnetism is the same sign for the charge of particles, unlike the normal electromagnetic force where there are opposite sign particles (results in a neutral medium for an ensemble of particles in a plasma). A physical consequence of the same sign charged particles is a repulsive force produced by an ensemble of particles. Since the vector field in MOG is massive, after a characteristic range of the field given by l = 1/µ, the effect of the repulsive force vanishes and Eq. (6) reduces to the pure metric field geodesic equation of motion.
Weak Field Approximation
For the astrophysical application of MOG, we need the weak field approximation of the theory. We briefly review in this section the formalism of the weak field approximation. A detailed derivation of this limit for extended distributions of matter was presented in Moffat & Rahvar (2013) . For a slow moving particle, we expand the metric around Minkowski space:
The left-hand side of Eq. (6) can be written in terms of h00, while on the right-hand side we can ignore the magnetic-like force compared to the electric-like force due to the slow motion of the particle. Eq. (6) can now be written as
where i = 1, 2, 3 and we define the effective potential as
We substitute in the right-hand side of (8) the solutions for h00 and φ 0 from the field equations. For the tensor component, ΦN = − 1 2 h00 where ∇ 2 ΦN = 4πGρ, and the zero component of the vector field φ 0 satisfies the Yukawa equation:
where J 0 = Q5 is the zero component of four dimensional current as the source of vector field and relates to density of matter as Q5 = κρ. Substituting the solution of the Poisson equation and the solution of φ 0 from the Yukawa equation into (8) and taking into account the asymptotic solutions of effective potential at smaller distances (i.e. r ≪ µ −1 ) to the Newtonian gravity (Moffat & Rahvar 2013) , we obtain the following effective potential in the weak field approximation:
where G has been replaced by G = GN (1 + α), α is a dimensionless parameter, GN is the Newtonian gravitational constant and µ is the mass of the vector field. We have used this effective potential in Moffat & Rahvar (2013) and successfully fitted the rotation curves of galaxies, yielding the best values of the parameters: α = 8.89 ± 0.34 and µ = 0.042 ± 0.004 kpc −1 . The first term on the right-hand side of Eq. (11) is the potential of the Newtonian attractive force with the effective gravitational constant G = GN (1 + α) and the second term results from the repulsive vector force. For scales much larger than µ −1 , the Yukawa term is suppressed and the gravitational potential is enhanced by factor of 1 + α compared to the Newtonian potential. On the other hand, for smaller scales the repulsive force cancels the enhanced attractive force and the result is the standard Newtonian potential at solar system scales.
BOLTZMANN EQUATION IN MOG
In this section we derive the full relativistic version of the Boltzmann equation in MOG and for the astrophysical applications, we calculate the Boltzmann equation in the weak field approximation. The result will be used in studying the dynamics of X-ray clusters of galaxies.
For an ensemble of collisionless particles moving due to their self-gravity, the number of particles inside a differential element in the phase-space does not change and Df /dτ = 0. This equation can be written as a sum of partial derivatives in terms of time, space and momentum. Since in momentum space, we have the constraint p µ pµ = m 2 , there are three degrees of freedom for p µ and we keep only the spatial components of the momentum space in our calculation (Lindquist 1966) . The Boltzmann equation can be written aṡ
We can write (6) in terms of the momentum of a particle:
By substituting (13) into (12), we obtain the Boltzmann equation in curved space with the extra vector field as follows:
In order to have a relativistic Euler equation, we multiply the Boltzmann equation by the spatial component of four-momentum, pj, and integrate over momentum space:
where dVp is the differential volume in momentum space. In the first term, the space-time partial derivative can be moved outside the integral, and in the second term the Christoffel symbol and the vector field strength can also be moved outside the integral. Integrating over momentum space gives the result:
where the bar sign denotes the average value over momentum space. For simplicity we rewrite the relativistic Euler equation in terms of the four velocity u µ :
Now we multiply this equation by x k and integrate over the 3-space volume and calculate this expression term by term. Using the definition of the inertia tensor:
the first term of (17) can be written in terms of partial time derivatives of I ij and for the static and stationary systems it is zero. The second term represents the energy-momentum term which can be written as (Binney & Tremaine 2008) :
For simplicity, we can split the kinetic tensor into the energymomentum tensor from the bulk velocity and the internal energy from the dispersion velocity, yielding the result:
where
and where
is the dispersion tensor with σj k = δuj δu k . The integrations of the third, fourth and fifth terms in Eq. (17) contain kinetic energy contributions. The Newtonian gravitational part of the integrations can be interpreted as the gravitational potential of the system. We assign the last three terms of Eq. (17) to the potential energy tensor:
Combining all the integration terms, the conservation of the energymomentum fluid can be written as
For astrophysical systems such as globular clusters, elliptical galaxies and clusters of galaxies, the morphology of the systems do not change in time, in other words, these systems have been virialized and do not interact with other systems. We set the left-hand side of (24) to zero for this case. By choosing the center-of-mass of the system as the center of the coordinate system, the global velocity cancels and T i j = 0, whereby the energy-momentum equation simplifies to the so-called virial equation:
In the next section, we will use the Boltzmann equation in MOG for studying clusters of galaxies. While here we derived a generic Euler equation and virial condition in MOG, we will use just the equilibrium condition for studying the clusters.
Equilibrium condition for Spherically Symmetric Systems: Weak Field Approximation
In this section, we study the Boltzmann equation for spherically symmetric systems in the weak field approximation. In order to calculate the Euler equation for a spherically symmetric system, we start with Eq. (17). Let us choose j = r and assume that f is a function of radial distance r, radial particle velocity ur and tangential particle velocity, ut = u By assuming a spherically symmetric metric for this structure,
we can choose B(r) = A −1 (r) and assuming a perturbation B(r) = 1 + h00 and the definition B r 0 = ∂ r φ0 − ∂0φ r , the Jeans equation in the weak field approximation can be written as
For an isotropic distribution ρ = ρ(r) due to rotational symmetry there is no preferred transverse direction i.e., σ
where the acceleration at the right hand side, using g(r) = −∇Φ ef f (r), is given by
where for the scales |r − r ′ | ≪ µ −1 , the exponential term approaches to one and by canceling the last two terms in the integrand, the gravitational acceleration reduces to Newtonian gravity. On the other hand, for the case that |r −r ′ | ≫ µ −1 , the exponential term approaches to zero and we get Newtonian gravity with an enhanced gravitational constant (1 + α)GN . In what follows, we can set β = 0 in Eq. (29) for the isotropic distribution of the velocity.
X-RAY CHANDRA CLUSTER DATA
We now apply Eq. (29) for the spherically symmetric X-ray clusters of galaxies. For these systems, we have two observables: (i) the ionized gas profile ρg(r) and (ii) the temperature profile T (r) where both functions are determined from the center of a cluster. We can relate the temperature and gas profile to the dispersion velocity of gas and Eq. (29) can be written as (Sarazin 1988) :
where kBT (r) = µpmpσ 2 r , kB is Boltzmann's constant, mp denotes the mass of the proton and µp = 0.6 represents the average value for baryonic mass. The left-hand side of equation (30) is determined by observational data, which has to be consistent with the acceleration determined on the right-hand side by the distribution of matter. In Newtonian gravity without dark matter, the left-hand side is one order of magnitude larger than the right-hand side and in order to have a consistent equation, dark matter needs to be added to the gravitating component of the cluster (Vikhlinin et. al. 2006) .
In the following, we use the gas density and temperature profiles of clusters and compute the left-hand side of equation (30) from the observational data (Vikhlinin et. al. 2006 ).
Gas-density profile
In clusters of galaxies the temperature of the gas is of order keV. For this temperature the gas is fully ionized and the hot plasma is mainly emitted by the free-free radiation (bremsstrahlung) process. There is also line emission by the ionized heavy elements. The radiation process generated by these two mechanisms is proportional to nenp, namely, the number density of free electrons times the number density of protons.
The standard result for the distribution of a gas plasma in a cluster of galaxies is called the β-model. The three-dimensional density is given by (Cavaliere & Fusco-Femiano 1978) :
We will use the density profile for the sample of clusters by modifying equation (31) in such a way that (i) it has a cusp at the center, (ii) at large radii X-ray brightness is steeper than the β-model, (iii) adding the second β-model component with smaller core which produces more freedom near the center of the cluster (Vikhlinin et. al. 2006) . We obtain nenp = (r/rc)
By considering the primordial abundance of He and the relative metallicity compared to the sun, Z = 0.2Z⊙, we obtain for the baryonic density of the cosmic plasma gas: 
where M500 is the mass of a cluster in the dark matter scenario.
Temperature profile
The observed temperature profile is similar to the density profile in a two-dimensional projection of a physical three-dimensional distribution of temperature (Vikhlinin et. al. 2006) . Since the plasma in the cluster can be divided into two regions, the cooling zone at the center and the outer part of the cluster, the temperature profile for these two regions can be given by two different functions. For the outside of the central cooling zone, the temperature is given by:
At the center of the cluster the temperature declines due to cooling in this region and it is given by (Allen et al. 2008) :
The overall three-dimensional temperature profile of the cluster is the multiplication of these two temperature functions:
Table (2) represents the best fit to the temperature profile of clusters. Table 1 . Sample of 11 clusters of galaxies observed by the Chandra telescope. We adapt this table from (Vikhlinin et. al. 2006) . The first column is the name of the cluster, the second column is the radius of the cluster with the cluster density 500 times larger than the background. The other columns give the parameters of the density profile in Eq. (32). Table 2 . Sample of 11 clusters of galaxies observed by the Chandra telescope (Vikhlinin et. al. 2006) . The first column is the name of the cluster and the other columns are the parameters of the temperature profile in Eq. (37). Comparing the acceleration of a test mass particle in the cluster of galaxies as a function of distance from the center of the cluster, using equation (11) for two cases of numerical integration taking into account the attractive and repulsive forces (red thin line) and ignoring the repulsive force at the large scales (thick black line). The lower panel represents the relative difference between the two calculations.
Virial Theorem and X-ray Clusters
We use the observed density of gas and temperature profiles in Eq. (33) and (37) with the corresponding parameters for each cluster to calculate the left-hand side of equation (30). On the other hand, on the right-hand side of this equation, we can use the baryonic matter of a cluster composed of plasma gas and galaxies to calculate the acceleration of a test mass particle. For a cluster or any complicated structure, the acceleration of a test particle with the MOG effective potential in Eq. (11) can be obtained by numerical integration. Here, for a spherical symmetric structure with scales of the order of ℓ cl ∼ 1 Mpc, we can simplify our numerical calculation, noting that the length corresponding to the mass of the vector field, µ −1 ≃ 24 kpc, is much smaller than the size of a cluster. For these structures, the gradient of the density inside the cluster within the length scale of µ −1 ≃ 24 kpc is negligible and we can ignore the gravitational acceleration exerted on a test particle by the fluid surrounding it within this radius. Hence, the second term of Eq. (11) for a cluster-size structure is negligible. We have numerically checked this simplification by comparing the overall effective gravitational acceleration with the simplified relation of keeping only the first term of equation (11). Figure (1) compares the relative acceleration on a test mass particle with and without considering the Yukawa term. Since the measurements of central parts of clusters in the Chandra observations are not accurate enough and the data is scattered (Vikhlinin 2013) , using the simplified formula for the acceleration at the outer radii of the clusters (i.e. r > 100 kpc) and ignoring the Yukawa term is considered to be valid.
Using Gauss's theorem for a spherically symmetric system (Vikhlinin et. al. 2006 ). Table 3 . The overall dynamical mass in MOG versus the observed baryonic mass of clusters. The columns describe: (1) the name of the cluster from the Chandra catalog (Vikhlinin et. al. 2006) , (2) the mass of the gas from integrating over the density of the gas up to the detected radius, (3) the empirical mass of stars from equation (34), (4) the overall baryonic mass (the error bars are adopted from the direct observations, (Vikhlinin et. al. 2006) ) and, (5) the dynamical mass inferred from Eq. (38). The error bars adapted from upper and lower values of α from (Moffat & Rahvar 2013) .
Cluster (1) Mgas (2) Mstars ( Table ( 3). The baryonic mass is composed of gas and stars. The filled circles indicate the corresponding masses up to r 500 with the corresponding error bars. The solid line shows the best fit to the linear relation M dyn = β cl M bar between the two masses with the best value of β = 0.99. The likelihood function for this fit is given at the right panel.
with a 1/r potential, the dynamical mass from Eq. (30) can be written as
where M dyn is given in terms of solar mass, r is the distance from the center of the cluster in kpc, T (r) is the temperature of the gas in keV. We use the value α = 8.89 ± 0.34 which has been universally fixed by the fits to the rotation curve data of galaxies (Moffat & Rahvar 2013) . In Figure ( 2), we compare the profile of dynamical mass M dyn (r) as a function of distance from the center of the cluster with the baryonic mass of clusters composed of the mass of gas plus the mass contribution from stars, M bar (r) = Mgas(r) + M⋆(r). The overall dynamical and baryonic masses at the distance r500 are given in Table ( 3). The error bar associated to the mass of baryonic component is adapted from Vikhlinin et al (2006) where they reported the fraction of baryonic mass to the overall mass in the Dark matter scenario. Assuming the error bar corresponds to this fractional mass as a constant value throughout the cluster, we calculate the error bar of the baryonic mass being proportional to the mass. We plot the error bars for the baryonic matter of clusters as a function of distance from the center of the cluster and with the cadence of 0.1 Mpc separation.
For some of clusters as CGA262 and CGA1991 there is an offset between the observation and theoretical mass profiles with about 1σ deviation. For the rest of the clusters there is consistency between the theoretical and observational mass profiles, except for the central regions of clusters. We note that observational data at the central parts of clusters is poor. Moreover, this part might not completely virialized due to cooling flow. For most of the clusters at scales larger than 300 kpc, the theoretical profiles are in good agreement with the observational data. From the mass profiles in Figure ( 2), the outer regions of clusters at r > 300 kpc contain almost 90% of the mass of the clusters and for these regions the MOG theory prediction follows the observational data. For the overall mass of the clusters at r500, we compare the mass profiles for the data and theory. The error bar associated with the observed mass is obtained from the uncertainty in the observational data, while for the theoretical profile, we obtain the upper and lower values for the mass resulting from the uncertainties in µ and α, reported in (Moffat & Rahvar 2013) . Figure ( 3) compares the overall theoretical baryonic mass of clusters with the observational data.
CONCLUSIONS
Following our previous paper (Moffat & Rahvar 2013) , in this work we have investigated further the weak field approximation of STVG to test the dynamics of clusters of galaxies. The theory of gravity in the weak field regime is composed of an enhanced Newtonian gravity term with the gravitational constant G ≃ 10GN and a Yukawa repulsive term with the mass µ −1 ≃ 24 kpc. At the smaller scales compared to µ −1 , e.g., solar system scales, standard Newtonian gravity can be recovered. On the other hand, at larger scales we get Newtonian gravity with a stronger effective gravitational constant. Our analysis of a sample of galaxies in the previous work showed that with the fixed universal parameters α and µ in the effective gravitational potential (Moffat & Rahvar 2013) , we can successfully describe the dynamics of a large set of galaxies with only their baryonic matter content.
In order to test this universality, we have analyzed a sample of nearby Chandra X-ray data in which the gas density profiles and the temperatures have been measured (Vikhlinin et. al. 2006 ). Our analysis shows that, using the universal values for the parameters α and µ in the effective MOG potential, we get consistent mass profiles and overall values for the dynamical and baryonic mass of clusters, except for the central parts of clusters where the observational data is scattered. These results along with the analyses of the rotation curves of galaxies demonstrate that with a unique weak field MOG effective potential, we can describe the dynamics of astrophysical systems from the solar system to ∼Mpc scale systems without exotic dark matter.
Finally, we outline further questions in MOG yet to be answered, (i) large scale structure formation in the universe. The structure formation growth has to be described by MOG without using dark a matter component and using CMB boundary conditions, (ii) interpretation of observational data of gravitational lensing at large scales, especially the case of the asymmetric Bullet Cluster without invoking dark matter for the lensing system. A previous published investigation of the Bullet Cluster using a version of MOG (Brownstein & Moffat 2006; Brownstein 2009 ), showed compatibility between the predictions of MOG and the available data at the time. However, this work was based on a spherically symmetric point-like solution of the field equations, which has to be extended to continuous matter distributions using the methods of the present paper.
